We study inhomogeneous perturbations away from the strongly homogeneous background cosmology previously studied. The problem is greatly simplified by using the mapping on the inner Schwarzschild solution. The resulting linear perturbation equations can be solved by power series. The solution leads to a finite energy density, but the pressure must be zero.
Introduction
The isotropy of CMB clearly shows that the cosmic gravitational field is spherically symmetric up to small anisotropies. However the visible matter is certainly anisotropic, furthermore its density is small compared to the critical density. In this situation a realistic description should start from a spherically symmetric vacuum solution of Einstein's equation, followed by the analysis of its anisotropic perturbations. The latter should explain both the CMB anisotropies and the finite matter density. The question then is, which vacuum solution should be chosen as background. This problem was solved in a previous paper [1] . If one assumes a one-to-one correspondence between comoving coordinates and the cosmic rest frame, then there is essentially only one spherically symmetric solution of Einstein's equations simultaneously in both systems. It is the homogeneous Datt or Kantowski-Sachs solution ( [3] , p.110) which in comoving coordinates has a line element of the form ds 2 = dt 2 − X(t) 2 dr 2 − Y (t) 2 (dϑ 2 + sin 2 ϑdφ 2 ).
(1.1)
Needless to say that we prefer the + − −− metric because considering spin 2 gauge theories on the same basis as spin 1 [2] , we cannot accept equations as p 2 = −m 2 which follow with the signature − + ++. In contrast to standard FLRW cosmology there is no factor r 2 in front of Y (t), therefore we call the metric (1.1) strongly homogeneous, because there is no r-dependence in the metric functions.
There is some confusion in the literature about the use of the notions "homogeneous" and "isotropic". For example Kantowski-Sachs call the solution (1.1) anisotropic although it is spherically symmetric and the angular variables can be separated in the perturbation theory. The notion "homogeneous" too has various different meanings [3] . In addition, it is difficult to select the correct name for (1.1) from the authors Schwarzschild, Lemaître, Datt, Ruban, Kantowsli-Sachs etc. So we shall simply say nonstandard background in the following.
In the standard FLRW model one needs high-density hypothetical sources of the gravitational field, dark matter, dark energy or cosmological constant and an inflaton field, in order to get agreement with observations. Since none of these sources has been directly observed, non-standard cosmology based on (1.1) starts without sources from a vacuum solution which is consistent with the magnituderedshift data. In fact it was shown in [1] sect.7 that one can get an excellent representation of the current Hubble data by means of the vacuum solution corresponding to (1.1). Matter and radiation are considered as small inhomogeneous perturbations on the nonstandard background (1.1). The necessary perturbation theory is developed in this paper.
It is known ( [3] , p.386) that the nonstandard solution can be mapped on the inner Schwarzschild solution by exchanging time with the radial coordinate r. The mapping then is a consequence of Birkhoff's theorem. Do we really live inside of a black hole ? Not at all. The mapping is a purely mathematical operation by means of suitable (Schwarzschild) coordinates which have no physical meaning in the cosmological context. For the physical interpretation of results and comparison with observations one must always transform back to the comoving coordinates used in (1.1) or to the universal cosmic rest frame [1] . But to solve the equations of perturbation theory the mapping to the Schwarzschild solution is very useful. Frank J. Zerilli has developed the perturbation theory of the outer Schwarzschild solution in his Ph.D thesis of 1969 [4] . With the appropriate sign changes his equations can be taken over to our situation. Then transforming back to comoving coordinates gives us the results for our Universe.
The paper is organized as follows. In the next section we discuss the mapping between the nonstandard solution and the inner Schwarzschild solution. In sect.3 this correspondence is used to obtain the equations of first order perturbation theory. This is a direct application of the PhD thesis of F.J.Zerilli [4] . Zerilli has reduced the resulting linear differential equations to a wave equation of Schrödinger type which, however, cannot be solved analytically. Instead we transform in sect.4 to appropriate coordinates which are linearly related to the redshift. Then the perturbative equations are solved by power series. In the last section we briefly discuss the possible applications of the results in cosmology..
Mapping on the inner Schwarzschild solution
Instead of using Bondi's symbol Y (t) in (1.1) as before [5] , we shall now write
because we need the symbol Y (ϑ, φ) for the spherical harmonics. A second reason for this is that we are going to consider R(t) as a new (radial !) coordinate. In [1] we have found the following parametric representation for R(t) and X(t) (equ.(5.14) and (5.18))
where P and Q are constants of integration. The comoving time is given by (equ.(5.8) in [1] )
here T L determines the lifetime of the Universe. In addition we know from [1] equ. (5.25 ) that X(t) is proportional toṘ
hence the constant P in (2.3) is zero:
For the physical discussion we need the radial null geodesics given by the wave vector k µ = (1/X, −1/X 2 , 0, 0). Then the redshift is equal to
where em and obs refer to the time of emission and observation, respectively. The Big Bang corresponds to z = ∞, that means w em = π/2, and π/2 < w obs < π, because z (2.8) must be positive. This variation of w is different from the one in the cosmic rest frame as discussed in [1] . From
we identify the Hubble constant
To calculate the radial distance we integrate
(2.11)
For comparison with the result in the cosmic rest frame [1] equ.(6.16) we introduce the parameter
which is also equal to the local light speed c 0 = dr/dt = 1/|X|. Using the Hubble constant (2.10) we finally obtain
in agreement with the result in the cosmic rest frame. Then the same luminosity distance and magnitude -redshift relation come out. The quantity T L is of the order of the Hubble time because
The parameter α 2 is determined by the Hubble data and is equal to 6.71 in our Universe [1] . To map the above solution to the Schwarzschild solution we choose R as a new coordinate. Then we have
Then ds 2 (2.1) assumes the following form
The integration constant Q was not fixed in (2.7). Now we must take Q 2 = 1 to have a solution of Einstein's equations and this is the inner Schwarzschild solution because R < T L by (2.2). However the comoving radial coordinate r now sits at the place of the time coordinate, we shall write
in the following, so that (S, R) are our inner Schwarzschild coordinates:
This is our background metric in the new coordinates. The components of the Jacobian are equal to
and otherwise zero. The minus sign follows from (2.6) because π/2 < w < π. Our lifetime constant T L is equal to 2m where m is the mass of the black hole. The Big Bang w = π/2 corresponds to the horizon R = T L whereas w = π is the true singularity R = 0 of the Schwarzschild solution.
Since the Schwarzschild background (2.18) is spherically symmetric, the first order perturbation h µν (S, R, ϑ, φ) is expanded in tensor harmonics. The most explicit expressions for the 10 harmonics are given by Zerilli [4] in his Appendix A. Only the notation of these harmonics has been changed in later work [6] . For this reason we give the connection between Zerilli's notation (in brackets) and the one of Gerlach and Sengupta [6] :
The harmonics (2.22-23) have odd parity and are called axial or magnetic, the other seven have even parity and are called polar or electric. These all are 4 × 4 symmetric tensors which are orthonormal on the 2-sphere. For later use we write down the following four harmonics
As perturbing energy-momentum tensor we consider a perfect fluid with
where ̺ and p are density and pressure of the matter and u µ its 4-velocity, the latter is u 0 µ = (1, 0, 0, 0) in comoving coordinates. The first order perturbation of the vacuum is given by
whereḡ 0 µν is the background (2.1) in comoving coordinates. We have the following diagonal tensor:
This tensor must also be transformed into the Schwarzschild coordinates according to
where the bar-coordinates are the comoving ones (t, r). Using the values of the derivatives (2.19) we obtain
It is essential to notice that density and pressure perturbations are interchanged as a consequence of (2.19 ). The diagonal form shows that only the tensor harmonics a where G is Newton's constant. Expanding the perturbations and the right side of (3.1) in tensor harmonics, the angular variables (ϑ, φ) in the linear equation (3.1) are separated and we are left with 10 linear partial differential equations in (S, R). The 3 axial, odd-parity equations decouple from the 7 polar, even-parity equations. Since the density and pressure perturbations (2.32) only contribute to the polar sector, we restrict to the 7 polar tensor harmonics in the following. A further simplification is obtained by choosing a convenient gauge. In the so-called Regge-Wheeler gauge the 4 tensor harmonics (2.26-27) contribute only ( [4] , Table I ). Then for L ≥ 2 the metric perturbation is of the form ( [4] , equ. before (D5))
where the functions in the matrix depend on S and R only. Now from the non-diagonal elements of equation (3.1) one obtains the following four homogeneous partial differential equations ( [4] , equ.(C7a-f)):
The remaining diagonal elements yield the following three equations with matter contributions:
We have 7 equations for the 4 unknown functions H 0 , H 1 , H 2 and K and for δ̺ and δp. Since S only appears in derivatives we go over to Fourier transformed quantitieŝ f (q, R) = (2π) −1/2 f (S, R)e iqS dS, (3.10) which are denoted by the same symbols without hat in the following. Equation (3.6) allows to eliminate H 0 . Next Zerilli solves (3.3-5) for the derivatives of H 1 , H 2 and K (his equ. (F3a-c) ):
If one substitutes these into (3.7), the left-hand side is zero. The same conclusion follows from (3.9). Consequently, the pressure perturbation δp vanishes. But from (3.8) we see that the density perturbation is different from zero equal to ([4] equ.(F4))
Here the evolution equations (3.11-13) have been inserted. There remains to solve the equations (3.11-13) for H 1 , H 2 and K.
Evolution of the perturbations
From now on we deviate from Zerilli. Zerilli has combined the three first-order equations (3.11-13) with (3.14) to get one second-order equation for one single function. But this second-order equation cannot be reduced to quadratures. Instead we shall solve the linear system (3.11-13) in suitable variables and use the condition (3.14) to select the physical solution for the metric perturbations and to determine the density. First let us study the density perturbation δ̺. We consider energy-momentum conservation in the unperturbed metric ∇ µ t µν = 0. (4.1)
Using (2.28) and linearizing about the vacuum background we have
because the pressure vanishes. Here the covariant derivative in (4.1) was carried out in comoving coordinates by means of the Christoffel symbols [1] , the dot means partial derivative with respect to comoving time. This gives δ̺ δ̺ = − ∂ ∂t log(|X|R 2 ) which can immediately be integrated
where ̺ 0 (r) is an arbitrary function of the comoving radial coordinate. With our results (2.2) and (2.7) with Q = 1 we obtain
This shows that the energy density has a singularity at the Big Bang w = π/2 and a strong one at the end w = π. Instead of the Schwarzschild variable R we shall use the redshift z (2.8-12) in the following
or rather
We then have X = | cot w| = 1 x (4.7)
(4.10)
Now the left-hand side of (3.14) becomes very simple
due to (4.3). Consequently it is good enough to solve the evolution equations (3.11-13) by power series in x. However, we shall see that (4.11) gives the density δ̺ to leading order only, because the higher orders (3.14) are not contained in (4.2). In the new variable x our linear system has the following form
and
(4.14)
Here the prime is the derivative with respect to x and we have introduced the function
in order to have real quantities only. The imaginary nature of H 1 comes from the i in the definition (2.27) of the tensor harmonic a (1) LM . We also remove T L by the additional substitution
By multiplying the three equations by suitable factors we obtain the following equations without fractions (
Here we have introduced the abbreviation
The equation (3.14) for the density now reads as follows
(4.21)
The system (4.17-19) has three linear independent fundamental solutions and the general solution is a linear combination of them. Since the perturbations are assumed to be small we must find the bounded solutions. A glance to (4.21) shows that these physical solutions have the following power series Here a 1 is a free overall factor, all other coefficients are fixed. The factor a 1 can also be fixed by substituting into (4.21). From the leading order O(x) we find 16πG̺ 0 = −a 1 Q 2 + 1 2 (4.29) so that a 1 (q) is determined by the q-dependence of the initial energy density ̺ 0 (q). From (4.21) we then get the higher order perturbations of the density
The L-dependence shows that the density is essentially anisotropic. However, there is no explicit M -dependence. That means a deviation from axial symmetry can only come from an M -dependence of the initial condition a 1 (primary anisotropies).
Discussion
The most interesting feature of our first order perturbative solution is that no finite initial condition is needed. The vanishing of the metric perturbations at the Big Bang x = ∞ uniquely fixes the solution.
On the other hand the energy density becomes singular at the Big Bang due to the first term in (4.30). Then first order perturbation theory is not good enough, we have to go to second order. This is also necessary for calculating the pressure which vanishes in first order. For late times pressure-less anisotropic dust is a good approximation, but the early Universe seems to be much more complicated.
In standard cosmology one introduces the critical density
Then the factor on the left-hand side of (4.30) assumes the following form 16πGR 2 = 3 2̺ crit (α 2 + 1) 4 α 6
x 2 x 2 + 1 The factor |a 1 |(Q) (4.29) determines the density fluctuations at the time of last scattering (Sachs-Wolfe effect). There is no reason to expect δ̺ near ̺ crit . Since δ̺ in (3.14) is a Fourier transformed quantity depending on redshift x = α(1 + z), it is directly related to the power spectral function P (Q) which can be determined from galaxy surveys. This will be discussed in a later paper. The metric perturbations calculated in sect.4 are the basis for computing the CMB anisotropies. In the Gerlach and Sengupta's notation [6] we have to identify
Then the integrated Sachs-Wolfe effect can be calculated by a formula due to Tomita [7] . This will be done in a later paper. Finally we should answer the question what is the small parameter which measures the smallness of h µν -a basic ingredient of every perturbation theory. As such one can take the inverse redshift 1/z or 1/x = X.
